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Abstract 

Doubly Special Relativity (DSR) is a theory with two observer- 
independent scales, of velocity and mass, which is expected to replace 
Special Relativity at ultra-high energies. In these notes we first dis- 
cuss the postulates of DSR, and then turn to presenting arguments 
supporting the hypothesis that DSR can be regarded as a flat space, 
semiclassical limit of gravity. The notes are based on the talk pre- 
sented at the conference "Special Relativity - Will it Survive the Next 
100 Years?" 



1 Introduction 

The anniversary of a great idea is usually a good occasion for critical reassess- 
ment of its meaning, influence, and future. In theoretical physics, where 
methodology, instead of hermeneutics, is based on Popperian conjectures 
and refutations scheme this last issue - the future - is, of course, the most 
important. Thus, in the course of the celebrations of the 100 anniversary of 
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the Theory of Relativity, we are mostly interested in asking the questions: 
Is Special Relativity still to be regarded as the correct theory describing rel- 
ativists phenomena (particles and fields kinematics and dynamics) in flat 
space-time? Will it survive the next 100 years, and if not, which theory is 
going to replace it? 

One quite often hears the opinion that there is, in fact, no such theory 
as Special Relativity. What we have to do with is just a very particular, 
flat space-time limit of General Relativity. And given the fact that few of 
us doubt that the ultimate theory of gravity should be Quantum Gravity (in 
the form of Loop Quantum Gravity, or String Theory, or perhaps - and most 
likely - in the disguise we do not really know yet) the question to be posed 
is: what is the flat space, semiclassical limit of Quantum Gravity? 

For a long time it was taken as obvious that such a limit should be just 
the ordinary Special Relativity. Recent developments, however, put some 
doubts on this naive conclusion. First, assuming that one or another form 
of (super) strings theory is indeed the correct theory of Quantum Gravity 
one may contemplate the idea that in the (super) string vacuum, correspond- 
ing to our universe, Lorentz invariance is spontaneously broken. This would 
certainly lead to some, possibly observable, modifications of Special Relativ- 
ity [1]. Violation of Lorentz symmetry is also possible in models based on 
Loop Quantum Gravity [2]. The issue of Lorentz Invariance Violation and 
its possible observational consequences has been recently reviewed in [3] and 

[4]. ; 

The core of all the proposals of spontaneous Lorentz symmetry break- 
ing is introduction of some sort of aether. While phenomenological models 
of this form are certainly interesting, making possible to device precise ex- 
perimental tests, they are much less appealing theoretically, since they are 
based on rejection of the most cherished principle of physics, the relativity 
principle 1 . In our view there is no a priori reason, neither theoretical, nor 

1 Onc should note that the presence of aether does not necessarily mean breaking of 
Lorentz symmetry. It is well possible that the relations between inertial observers still 
form Lorentz (or Poincare) group, however, group elements would, in the presence of the 
aether, depend both on relative velocity of observers and velocity with respect to the 
aether. Physically, the breaking of Lorentz symmetry means that some physical processes 
(particle reactions, for example) are possible for some range of velocities relative to the 
aether and impossible for other velocities. In DSR proposal, which we will describe below, 
the central postulate is that relativity principle still holds, and thus if some process is 
observed by one observer it is observed by all other. There is also some specific relation 
between descriptions of the same process by two observers, which depends only on their 
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experimental, to contemplate violation of relativity principle. This does not 
mean that modifications of Special Relativity are not possible, and we will 
argue below that there are good reasons to believe that if one regards Special 
Relativity (understood as a kinematical theory of particles and fields on flat 
semiclassical space-time) as a limit of (quantum) gravity, it is inevitable that 
some, Planck scale corrections, must be present. In a sense, the presence 
of this scale reflects the "memory" of flat space-time about its (quantum) 
gravitational origin. 

2 Postulates of Doubly Special Relativity 

Let us start with the plausible assumption that the flat space-time kinematics 
of point particles originates in some theory of quantum gravity. Assume fur- 
ther that in taking the flat space-time, semiclassical limit there is no breaking 
of spacetime symmetries, and in particular that the relativity principle holds 
(in other words, the diffeomorphism invariance of the theory is not being bro- 
ken in the process.) After taking this limit the space-time will be, at least 
locally, the standard Minkowski space-time, however it may well be that the 
resulting theory still possesses some information about its origin, in the form 
of the observer independent mass scale, k, of order of Planck scale. This 
scale will be still present as a parameter in the transformation laws, relating 
different inertial observers. 

If such a scale indeed is present, it is natural to expect that deviations 
from the standard Special Relativistic kinematics arise in the processes char- 
acterized by the energy scale close to k, and that these deviations should be 
rather generic [5]. For example, it may happen that the standard dispersion 
relation for particles acquires additional terms, to wit 

E 3 

E 2 =p 2 + m 2 + a — + ... (1) 

K 

with a being a dimensionless parameter of order 1. 

Naively, modified dispersion relation would immediately imply the exis- 
tence of preferred frame, since if it holds in one frame it does not hold in any 
other, related to the original one by the standard Lorentz transformation. 
However we can demand that along with deforming dispersion relation we 
deform Lorentz transformations, so that (1) (and their generalizations to be 

relative velocity. 
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introduced shortly) remain invariant under action of six parameter group of 
transformations, with generators satisfying Lorentz SO(3, 1) algebra. 

Based on this intuition, Giovanni Amelino-Camelia [6], [7] formulated a 
set of postulates that should be satisfied by new theory, replacing Special 
Relativity, in the regime of ultra-high energies, and he dubbed this theory 
Doubly Special Relativity. 

Doubly Special Relativity is based on the following postulates: 

1. The Relativity Principle holds. This means that if two observers de- 
scribe the same phenomenon, possible differences in their descriptions 
can only depend on their relative motion (in the case of inertial ob- 
servers - their relative velocity). In particular there is no notion of 
absolute rest, and absolute motion. It follows also that if some process 
is observed by one observers (for example particle (1) collides with par- 
ticle (2) producing particle (3)), all observers agree that this process 
takes place. 

2. There exist two observer-independent scales: the velocity scale c, identi- 
fied with velocity of light, and, the mass scale k, identified with Planck 
mass (k ~ 10 19 GeV). 

It is worth recalling at this point what is the difference between observer 
independent scales and other dimensionful quantities one encounters in phys- 
ical theories. To be more specific, let us consider the question what is the 
difference, in the framework of the standard Special Relativity, between a 
coupling constant, like electric charge e or Planck's constant h, and the ve- 
locity of light c. In the first case, of dimensionful coupling constants, all 
observers measure their values with the help of identical, low energy exper- 
iments, performed in their rest frame. Then the relativity principle 2 guar- 
antees that all the observers will obtain the same numerical values of the 
constants. These values can be then used in other experiments. In the case 
of the speed of light the situation is different however. Since this speed is 
an observer independent scale, we demand also that if two inertial observers 
measure velocity of the same photon, they will obtain the same result. This 
is clearly incompatible with Galilean Relativity, but, as we know, has been 

2 In the "passive" form: Identical experiments performed by inertial observers give the 
same results. 
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successfully built into the principles of his Special Relativity. Analogously, 
in the construction of Doubly Special Relativity we postulate the presence 
of yet another observer-independent scale, this time of dimension of mass, 
whose numerical value is presumed to be of order of Planck mass 3 . 

It has soon been realized [8], [9] (for recent review see [10]) that these 
postulates are satisfied in the framework of theories in which Poincare algebra 
is replaced by deformed k- Poincare algebra [11], [12], [13], [14] 4 . 

One possible realization is provided by the, so-called, bicrossproduct (or 
Majid-Ruegg) basis [13], in which the commutators between rotation Mi, 
boost Ni, and momentum P^ = (P , Pi) generators are the following 

[Mi , Mj] = e ijk M k , [Mi , Nj] — e ijk N k , 

[N i ,N j } = -e ljk M k . (2) 

and 

[M l ,P J ]=e ljk P k , [M l ,P ] = 
[^,P^ 5 ,(i(l-e-^) + g_Ip^, 

[Ni,P ] = Pi. (3) 

As one can easily check, the Casimir of the k- Poincare algebra (2), (3) 
reads 

C = K 2 cos h^-—e p ^-M 2 . (4) 
k 2 w 

It is easy to check also that the expansion of (4) to the leading order in 1/ k 
yields (1). 

One should note at this point that the bicrossproduct algebra above is 
not the only possible realization of DSR. For example, in [15], [16] Magueijo 
and Smolin proposed and carefully analyzed another DSR proposal, called 
sometimes DSR2. In DSR2 the Lorentz algebra is still not deformed and 

3 Note, however, that contrary to Special Relativity, in which we know physical objects 
moving with the velocity of light (massless particles), in the case of DSR we do not know 
(yet?) physical objects exemplifying the scale k. 

4 It should be stressed however that DSR is not just the K-Poincare algebra - not only 
in the sense analogous to the well known fact Special Relativity is not just the Poincare 
algebra - there might be DSR proposals in which this algebra does not play any role. 
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there are no deformations in the brackets of rotations and momenta. The 
boosts- momenta generators have now the form 



W»Pj] = i (dijPo PiPj 



(5) 



K 



and 



[Ni,po] =i ( x - ^) Pi- 



(6) 



It is easy to check that the Casimir for this algebra has the form 




(7) 



In order to describe kinematics of a particle we must extend the above 
algebra to the algebra of phase space of the particle. We will not derive here 
all the results, and the reader could find the derivation with references to 
the original literature in the review paper [10]. Instead we will just state the 
main results which will be important below, when we compare DSR with a 
theory resulting as a flat limit of gravity coupled to point particles. 

• Both the bicrossproduct (2)-(4) and Magueijo-Smolin algebras (5)-(7) 
can be understood as examples of larger class of algebras constructed 
as follows. In the standard Special Relativity four-momentum can be 
thought of as a point of four dimensional flat manifold of Lorentz Signa- 
ture - the flat momentum manifold. Notice that in this case positions, 
being "translations of momenta" are points of another flat Minkowski 
space. In transition to DSR, assume instead that the space of momenta 
is a maximally symmetric manifold of (constant) curvature, 1/k 2 . In 
the limit when k goes to infinity, the curvature goes to zero and we 
return to Special Relativity, as we should. In given coordinates on 
this constant curvature momentum space, each point will correspond 
to some four-momentum. As it is well known, the group of symme- 
tries in this case is the 10-parameter (in 4 dimensions) de Sitter group 
SO(4, 1). This group possesses a six-parameter subgroup, SO(3, 1), iso- 
morphic with Lorentz group, and one can easily compute what will be 
infinitesimal action of the group elements on points of the manifold. 
It turns out that, for example, the bicrossproduct basis corresponds to 
the standard system of coordinates, used in cosmology. More details 
can be found in [10] and [17]. 
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What about the remaining four parameters of de Sitter group SO (4, 1)? 
It is well known from differential geometry, that while the generators of 
S0(3, 1) act as "rotations" the remaining ones play the role of "trans- 
lations" . This means that it is natural to identify them with positions. 
It turns out to be convenient to arrange the remaining four generators 
x^ so as to form the Iwasawa decomposition of the so(4, 1) algebra; 
explicitly their commutators could be brought to the following form 



0, fx , ^1 = -x* (8) 



The noncommutative space-time satisfying (8) is called ^-Minkowski 
space-time. 

• It should be noted that there is a natural Hopf algebra structure asso- 
ciated with an algebra of symmetries of de Sitter space. This algebra 
turns out to be exactly the quantum /t-Poincare algebra of [11], [12], 
[13], [14]. For more details see [33]. 

• It should be also noted that one can in principle construct analogous 
structure starting from the momentum space of the particle being anti- 
de Sitter space [19]. Explicit models in four dimensions are not known 
in this case, however they play a role in 2+1 gravity coupled to a 
particle, as we will discuss in details below. 

Given characterization of properties of single particle DSR models let us 
now turn to the question, what is DSR coming from. 



3 Constrained BF action for gravity 

It is usually considered rather obvious that Special Relativity, regarded as a 
theory of particle kinematics should emerge somehow from General Relativity 
coupled to point particles in a limit, in which gravitational interactions are 
"switched off". It turns out that it is surprisingly difficult to prove this 
claim in the framework of the standard Einstein formulation of GR. First 
of all "switching off" gravity would presumably mean going to zero with 
gravitational constant, but this limit is known to be pathological in GR. 
Moreover it is well known that coupling of GR to point particle is at least 
problematic, if not impossible. 
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Our starting point must be therefore some another (but equivalent) form 
of the gravity action. The convenient form has been derived recently by Frei- 
del and Starodubtsev [20] . The starting point of that paper is the observation 
theory of gravity can be defined by the action containing two parts: the "vac- 
uum" one, being a topological field theory with an appropriate gauge group, 
and the constraints, leading to the emergence of the dynamical degrees of free- 
dom of gravity. Both parts are manifestly diffeomorphism invariant, which 
opens new perspectives in construction of diffeomorphism-invariant pertur- 
bation theory for quantum gravity. From our perspective, however, the most 
important aspect of this theory would be that it makes it possible both to 
define a limit, in which local degrees of freedom of gravity are switched off 
and the point particle coupling. One can say that in this formulation theory 
of gravity has the well defined "DSR limit." 

The construction of the Freidel-Starodubtsev theory borrows from earlier 
works [21], [22], [23] and is based on the SO(4, 1) gauge theory. The basic 
dynamical variables are 5 so(4, 1) connection one form A /J , and the so(4, 1)- 
valued two-form B /J . The starting point is the action principle [20] 

S = J B IJ A F 7J (9) 

where Fjj is the curvature of connection A IJ . The equations of motion 
following from this action 

F/j = 

d A Bjj = (10) 

where g?a is the covariant derivative of connection A, tell that the connection 
is flat, while the B /J field is covariantly constant. The solutions of these 
equations on locally connected region U is of the form 

A = g- l dg B = g- 1 dfg, geSO(4,l), feso(4,l) (11) 

The theory is therefore almost trivial, without any local degrees of free- 
dom. 

In order to get General Relativity we must break local symmetry of the 
theory from SO(4, 1) down to the Lorentz group SO(3, 1). To this end we 

5 Below we use BOLD typeface to denote forms (space-time indices suppressed) and 
SANS SERIF typeface to denote Lie algebra valued fields (group indices suppressed). 
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denote by 5 the preferred direction in the algebra space, and add to the action 
the term which explicitly breaks the SO (4, 1) gauge symmetry to wit 

S = J B IJ A F u - |B /J A B KL e IJKL5 (12) 

Let us now decompose the algebra index I — (i, 5), % — 0, . . . , 3 with e l ^ kl = 
€ ukl5 being an invariant SO(3, 1) tensor. Note that now the first equation 
in (10) is replaced by 

F IJ = aB KL e IJKL5 (13) 

and is manifestly not SO(4, 1) covariant. 

The B-field enters the action S only algebraically so we can substitute 
the solution (13) back to the action (12) to get 

S = ^ |f* A F kl e ijkl . (14) 

It is convenient at this point to decompose the curvature as follows 

F ij (A) = H ij (uj) — -i-e* A e j 

F i5 (A) = jd^ (15) 

where uj^ = A*- 5 is the 4-dimensional connection one-form and e* = dx^ 
is a frame field which corresponding to the metric g^ u = ete^. R y is the 
so(3, 1) curvature of connection u>, R u (a>) = duf 3 ' +oj\ Aw fc3 . Notice that for 
dimensional reasons we had to introduce the scale /, of dimension of length. 
Using the equations for the curvature (15), we can rewrite the action in terms 
of so(3, 1) curvature: 

S = ^/(R^M-ie i Ae t )A(R H (a;)-ie fe Ae')6^ 

= ~hl (RU M A e fc A - ^ e 4 A e fe A e l )e ijkl 

+ i|rMAR H (u;)e tiH (16) 

What we get is nothing but the Palatini action of General Relativity with 
cosmological constant plus additional term whose variation vanishes iden- 
tically due to Bianchi identity. Note that the Newton's constant G equals 
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al 2 , while the cosmological constant A = 3/ 1 2 . Thus the coupling constant 
a = GA/3 is dimensionless and extremely small, which makes it a perfect 
candidate for a parameter of (both classical and quantum) perturbative ex- 
pansion. As stressed by Freidel and Starodubtsev [20], the constrained BF 
theory is therefore very promising as a starting point for construction of per- 
turbative quantum gravity, where diffeomorphism invariance is manifestly 
preserved at all steps of perturbative expansion. 

To the initial, topological action (9) we can still add the SO(4, 1) cosmo- 
logical term of the form 

-^JB IJ AB U . (17) 
This addition changes the equations of motion: 

F IJ -(3B IJ = 

d A Bjj = (18) 

(the second equation follows in fact from the first and Bianchi identity.) 

It can be shown that the action (17) is still topological, i.e., without local 
degrees of freedom. As before we can add to this action the a constraint, 
in order to obtain the action of General Relativity with the additional term 
^R lJ (u>) A eiwedgeej and more more topological terms. The "bare action" 
parameters I, a, (3 are related to the physical ones G, A, and 7 (Immirzi 
parameter) as follows A = 3// 2 ,7 = /3/a, G — - ~^ / (for more details and 
discussion of possible physical relevance of 7 parameter see [20], and also 
recent paper [24].) 

The convenient basis of so (4, 1) algebra is provided by Dirac matrices 
Y j = §[7*, 7 J ] and 7*7 5 . Using the so(4, 1) algebra valued fields A M , B pi/ the 
constrained BF action for gravity can be rewritten in the following form 

S = J d 4 xe^ upa Tr ( B MJ , F pcr ( A) ) 

- ^ J d A xt^Tr{B^ pa ) 

- I J d*xe^Tr(B^B pal 5 ) (19) 

It is quite easy to couple point particles to the constrained BF action. In- 
deed since A IJ is a one form, it couples naturally to one-dimensional objects 
- the particles world-lines. 
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The general procedure of coupling particles carrying non-abelian charges 
to Yang-Mills potential has been developed by Balachandran, Marmo, Sk- 
agerstam, and Stern (see [25] and references therein.) In the case at hands 6 
the gauge group is S0(4, 1). This group acts by conjugation on its algebra, 
and the orbits can be labelled by two numbers, corresponding to values of 
two Casimirs, representing mass and spin of the particle, as follows 

K = I m7l7 5 + I S7273 (20) 

As the second ingredient we take connection, gauge-transformed by an arbi- 
trary element h of the Lorentz subgroup SO(3, 1) of SO(4, 1) 

A/ = h-^h + h-^h, h = exp Q a ab 7a6 ) (21) 

where, as before so(4, 1) connection A decomposes into so(3, 1) connection u 
and tetrad e 

\= Qe/ 7a7 5 + ^< b 7ab ) (22) 

Then the action of the particle with mass m and spin s coupled to con- 
strained BF gravity is defined to be 

L(z,h) =Tr (KA r h (r)) S = J dr L, (23) 

where A r h = A M h (^(r))i M (r) is the value of gauge transformed connection 
(21) on the particle world-line. We see therefore that the dynamics of the 
particle is described with the help of the charge K it carries, and the Lorentz 
transformation h relating the particle rest frame and the frame of (asymp- 
totic) observer. It can be shown that variation of the action (23) leads to the 
correct Mathiasson-Papapetrou equations describing the dynamic of spinning 
particle in the presence of torsion. When the torsion is zero we recover the 
usual Mathiasson-Papapetrou equation, which in the case of vanishing spin 
reduces to the usual geodesic equation. 

Having defined the coupling of the particle to gravitational field we can 
address the question as to what would be the effective behavior of the particle 
in the limiting case, when the local degrees of freedom of gravitational field 

6 The results presented below have been obtained in collaboration with L. Freidel and 
A. Starodubtsev. 



11 



are being switched off. To answer this question, one should proceed as follows: 
take the action being the sum of (19) and (23), solve the resulting equations 
of motion, and then take the limit a — > 0. To see which outcomes of this 
procedure are possible, note that that although in this limit the gravitational 
field will become flat in the bulk space-time, there might be some nontrivial 
leftover at the worldline of the particle. This contribution of the gravitational 
field may lead to deformation of the (otherwise free) particle action (23), 
leading to DSR like behavior. 

Unfortunately, due to the technical difficulties, the programme described 
above has not been realized in practice yet. What can be done, however, is to 
turn to a simpler model of gravity coupled to a particle, in 2+1 dimensions. 
As we will see in the next section the structure of this model is very similar 
to the four-dimensional case with the parameters a,/3 equal zero, i.e., in the 
limit we are mostly interested in. Moreover, the three-dimensional case is 
not purely of academic interest, as the following argument, borrowed from 
[26] and [10], clearly shows. 

The main idea is to construct an experimental situation that forces a 
dimensional reduction from the four dimensional to the 2 + 1 dimensional 
theory. It is interesting that this can be done in quantum theory, using the 
uncertainty principle as an essential element of the argument. Let us consider 
free elementary particles in 3 + 1 dimensions, whose mass are less than G^ 1 = 
k. The motion of the particles will be linear, at least in some classes of 
coordinates systems, not accelerating with respect to the natural inertial 
coordinates at infinity. Let us consider the particle as described by an inertial 
observer who travels perpendicular to the plane of its motion, which we will 
call the z direction. From the point of view of that observer, the particles 
are in an eigenstate of longitudinal momentum, p l z otal ) with some eigenvalue 
P z . Since the particles are in an eigenstate of P^ otal their wavefunction will 
be uniform in z, with wavelength L where (note that we assume here that L 
is so large that we can trust the standard uncertainty relation; besides this 
uncertainty relation is not being modified in some formulations of DSR) 

(24) 



ptotal 



At the same time, we assume that the uncertainties in the transverse 
positions are bounded a scale r, such that r <C 2L. Then the wavefunction 
for the the particles has support on a narrow cylinder of radius r which 
extend uniformly in the z direction. Finally, we assume that the state of the 
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gravitational field is semiclassical, so that to a good approximation, within 
C the semiclassical Einstein equations hold. 

Since the wavefunction is uniform in z, this implies that the gravitational 
field seen by our observer will have a spacelike Killing field k a = (d/dz) a . 

Thus, if there are no forces other than the gravitational field, the semiclas- 
sical particles must be described by an equivalent 2 + 1 dimensional problem 
in which the gravitational field is dimensionally reduced along the z direc- 
tion so that the particles, which are the source of the gravitational field, are 
replaced by punctures. 

The dimensional reduction is governed by a length d, which is the extent 
in z that the system extends. We cannot take d < L without violating 
the uncertainty principle. It is then convenient to take d = L. Further, 
since the system consists of the particles, with no intrinsic extent, there is 
no other scale associated with their extent in the z direction. We can then 
identify z = and z = L to make an equivalent toroidal system, and then 
dimensionally reduce along z. The relationship between the four dimensional 
Newton's constant G A and the three dimensional Newton's constant G 3 = G 
is given by 

G 3 = ^ = ^ (25) 



l h 

Thus, in the analogous 3 dimensional system, which is equivalent to the 
original system as seen from the point of view of the boosted observer, the 
Newton's constant depends on the longitudinal momentum. 

Of course, in general there will be an additional scalar field, corresponding 
to the dynamical degrees of freedom of the gravitational field. However, since 
we are interested only in the four-dimensional limit, in which local degrees of 
freedom of the gravitational field are not present, all these fields will vanish 
this limit. 

Now we note that, if there are no other particles or excited degrees of 
freedom, the energy of the system can to a good approximation be described 
by the hamiltonian H of the two dimensional dimensionally reduced system. 
This is described by a boundary integral, which may be taken over any circle 
that encloses the particle. But it is well known that in 3d gravity H is 
bounded from above. This may seem strange, but it is easy to see that it has 
a natural four dimensional interpretation. 

The bound is given by 

M < 355 = 3§i < 26 > 
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where M is the value of the ADM hamiltonian, H. But this just implies that 



L > AG 4 M = 2R Sch 



(27) 



i.e. this has to be true, otherwise the dynamics of the gravitational field in 
3 + 1 dimensions would have collapsed the system to a black hole! Thus, 
we see that the total bound from above of the energy in 2 + 1 dimensions is 
necessary so that one cannot violate the condition in 3 + 1 dimensions that 
a system be larger than its Schwarzschild radius. 
Note that we also must have 



Together with (27) this implies L > lpi anc k, which is of course necessary if 
the semiclassical argument we are giving is to hold. 

Now, we have put no restriction on any components of momentum or 
position in the transverse directions. So the system still has symmetries in 
the transverse directions. Furthermore, the argument extends to any number 
of particles, so long as their relative momenta are coplanar. Thus, we learn 
the following. 

Let H9 G be the full Hilbert space of the quantum theory of gravity, 
coupled to some appropriate matter fields, with A = 0. Let us consider a 
subspace of states 1~[ weak which are relevant in the low energy limit in which all 
energies are small in Planck units. We expect that this will have a symmetry 
algebra which is related to the Poincare algebra V 4 in 4 dimensions, by some 
possible small deformations parameterized by G 4 and h. Let us call this low 
energy symmetry group V G . 

Let us now consider the subspace of Ji weak which is described by the 
system we have just constructed . It contains the particle, and is an eigenstate 
of P*°* with large P* ot and vanishing longitudinal momentum. Let us call this 
subspace of Hilbert space 7ip z . 

The conditions that define this subspace break the generators of the (pos- 
sibly modified) Poincare algebra that involve the z direction . But they leave 
unbroken the symmetry in the 2 + 1 dimensional transverse space. Thus, a 
subgroup of V^ 1 acts on this space, which we will call V^ 1 C Vq' 1 . 

7 Notice that if we assume that the four-dimensional rotational symmetry is neither 
broken, nor deformed, we can recover the whole 4d deformed Poincare algebra from the 
3d one. 




(28) 
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We have argued that the physics in Hp z is to good approximation de- 
scribed by an analogue system of a particle in 2 + 1 gravity. However, as 
we will see in the next section the symmetry algebra acting there is not the 
ordinary 3 dimensional Poincare algebra, but the K-Poincare algebra in 3 
dimensions, with 

k = (29) 

Now we can note the following. Whatever V G is, it must have the follow- 
ing properties: 

• It depends on G 4 and h, so that it's action on each subspace T~tp z , for 
each choice of P z , is the k deformed 3d Poincare algebra, with k as 
above. 

• It does not satisfy the rule that momenta and energy add, on all states 
in H, since they are not satisfied in these subspaces. 

• Therefore, whatever Vq is, it is not the classical Poincare group. 

Let us therefore turn to gravity coupled with point particle in 2+1 di- 
mension. 



4 DSR from 2+1 dimensional gravity 

Even if not for the argument given in the preceding section, the 2+1 dimen- 
sional gravity coupled with point particles would be a perfect test ground for 
investigating properties of DSR theories. As it is well known this theory is 
topological, i.e., does not posses any local degrees of freedom, moreover its 
action 

S= d 3 xTr (e A F(w)) 

resembles very closely the four dimensional action of the constrained BF 
theory in the DSR limit 

S = J d A xTr (B A F(A)) 

Investigations in 2+1-dimensional gravity have been pioneered by Starusz- 
kiewicz in 1963 [27], with interest revived by seminal papers by Deser, Jackiw 
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and 't Hooft [28] and Witten [29]. Here we will follow the approach proposed 
by Matschull and Welling in [30]. 

The action for (2+1) gravity reads: 

s = ika L A ^' Tr ^ (30) 

and the basic fields are dreibein e M and antisymmetric spin connection u^, 
whereas G is the gravitational constant, which in (2+1) gravity has a di- 
mension of inverse mass. The Lorentz group in 2+1 dimension SO(2, 1) is 
isomorphic to SL(2, R) (which we will in the following denote just SL(2)) and 
thus the field strength F up defined as: 

Fua, = d„uj u - d u uj p + [u^ u v ] (31) 

is Lie algebra sl(2)-valued. It is convenient to assume that the dreibein e M is 
also sl(2)-valued, where this time the algebra is regarded as a vector space, 
isomorphic to the three dimensional Minkowski space. As a basis of the si (2) 
algebra we take three dimensional Dirac matrices in real (Majorana) repre- 
sentation and the trace in (30) is just the matrix trace. The field equation 
following from (30) are 

e^ p D u e p = 0, e^F up = (32) 

The first equation implies that connection is torsion free, while the second 
assures the metric is flat. The general solutions of these equations on a simply 
connected region U C M is well known. It consists of the pair of scalar fields 
(g, /), valued in the Lie group SL(2) and Lie algebra sl(2), respectively, such 
that 

^n = S~ 1 9 lt g, e tl = g~ 1 d fl fg (33) 

where g G SL(2) and f G si (2). Note the similarity between this solution 
and the solution of the BF theory (11). 

Introduction of a particle causes the spacetime to assume the shape of a 
cone with a particle placed at its top (see Figure 1.) The cone is characterized 
by the mass-dependent deficit angle a: 

a = 8nGm (34) 

where m - particle mass, G - gravitational constant. In what follows we will 
set 8nG = 1, so that the allowed range of the mass is m G [0, n). 
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Figure 1: Space-time of a single particle in 2+1 gravity has conical singularity 
at the top of the cone (r = 0), being the position of the particle. The opening 
angle of the cone is related to the particle mass and equals a = 8irGm. In the 
case of a spinning particle the space-time geometry is called a spinning cone 
characterized by deficit angle, related to the mass and time offset related to 
the spin, see [28]. 



In polar coordinates (t, r, if), the solution of Einstein equations corre- 
sponding to a single spinning particle is of the form 

e° = dt+ —d(j) 
2n 

e 1 = f 1 — —J cos (f)dr — r sin (f)d(f) 
1 — — J sin (f)dr + r cos d<p 



m 
2^ 



a, 1 = u, 2 = o (35) 



This solution corresponds to particle described, similarly to (23) as a 
delta-like singularity with an appropriate Poincare charge. There is, however 
another, more convenient way of treating particles proposed by Matschull and 
Welling [30], illustrated in Figure 2. As a result we get singularity free, simply 
connected spacetime, with boundaries. To make cylindrical boundary look 
like one dimensional worldline of the particle, we take additional assumption 
that it circumference vanishes, which can be expressed as requirement that 
the component e v vanishes on the boundary 

= at r = 0, (36) 

where bar marks the value of the field on the boundary. 
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Figure 2: A different way of description of a point particle has been pro- 
posed by Matschull and Welling [30] . Instead of a cone with singularity, they 
propose to use a manifold with boundaries, constructed as follows. We take 
the cone in Fig. 1, cut off its tip, and then cut the resulting surface along 
the line = = 2tt. The resulting, simply connected manifold with bound- 
aries is shown in the Figure. On this surface we introduce polar coordinates: 
< r < oo, where the line r = corresponds to the horizontal boundary, 
and < < 27r, where the lines = and = 2tt correspond to the left and 
right vertical boundaries. To make the surface r = looking as a worldline 
of a particle, we further assume that e^r = 0, t) — 0. 

Since our manifold is simply connected now, a general solutions of Ein- 
stein equations in the neighborhood of the boundary is provided by two func- 
tions (f(r,ip,t),g(r,(p,t)) satisfying (33). On this solution we must impose 
appropriate boundary conditions, one of which would be (36) at r = 0, and 
another that guarantees continuity of dreibein and connection along the cut 
r > 0, = 0,27r. For convenience let us denote f±(r, t) = f(r, i; = 0/27r) 
and g± = g(r, t;0 = 0/2-71"). Since and are to be continuous at the 
boundary, f± and g± are not independent, and are related by global Poincare 
transformation of the form 

g + = U- 1 g_, f+ = U- 1 (f_-v)U (37) 

where U e SL(2) and v £ si (2) are constant. 
Now the condition (36) along with (33) 

e v = r'^fg = (38) 

tells that f = f(t). This and the fact that boundary represents worldline the 
particle makes it possible to identify f with the location of the particle in 
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space-time 

f(t,<p)=x(t) (39) 

Moreover, using the condition f+(t) = f-(t) and Poincare transformation, we 
find that 

v = x(t) - Ux(t)U _1 (40) 

Taking time derivative of this equation and making use of the fact that U 
and v are constants gives 

= x(t) - UxlT 1 (41) 

This last equation is satisfied if and only if the group element U is of the 
form 

\J = ul+p al a , Pal a = -x (42) 

m 

It is natural then to identify p a with components of momentum of the particle. 
Note however that this momentum has an unusual property, namely it is, 
geometrically, a point of the three dimensional anti de Sitter space. Indeed, 
since U e SL(2), det U = 1 and thus it follows from (42) that 

u 2 +pl-f = l (43) 

which is just a definition of anti de Sitter space. We see therefore that three 
dimensional gravity coupled to point particle possesses a fundamental DSR 
characteristics: the energy- momentum manifold is curved 8 . 

It can be shown that instead of the standard dispersion relation the par- 
ticle on shell satisfies the deformed equation 

p a p a - sin 2 m = (44) 

Of course, in the limit when m C 1 (remember that the mass scale is set 
equal 1) we recover the standard dispersion relation. 

We know from (33) that the gravitational field in the bulk is pure gauge. It 
follows that when particles are present the only dynamical degrees of freedom 

8 Four dimensional DSR theories with energy-momentum manifolds of the form of anti 
de Sitter space have not been intensively investigated, though they are known to exist, see 
[19]. It is not clear if they arise naturally as a limit of 3+1 gravity. It is also not completely 
clear if de Sitter energy momentum spaces, intensively investigated in the context of DSR 
in four dimensions, can be obtained in the 2+1 dimensional case. 
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may be associated with boundaries. Therefore, if we start with the action 
for gravity on the manifold with boundaries, like that in Figure 2, and then 
perform symplectic reduction, as the result we find action defined only on 
the worldline on the particle. As we will see in the moment this action 
differs from the free particle one: the presence of gravitational field causes 
deformation of the particle lagrangian, exactly in the DSR spirit. 

The procedure described briefly above has been performed by Matschull 
and Welling [30] and the resulting action reads 

L = --7V(U _1 Ux) - ?(-7V(U) - cosm) (45) 

where q is the Lagrange multiplier enforcing the mass shell constraint (44). 
Using the expression (42) and the fact that Tr(^ a ^ b ) = 2r/ ab we can rewrite 
the Lagrangian in the component form as follows 



L — — (y^ + lr^ + e abc Pc - ^=f=J XbPa ~ ? (V - sin 2 m) (46) 

It can be shown that, in spite of the complex, nonlinear form of the La- 
grangian, the resulting equations of motion are just the standard one, to 
wit 

p a = 0, x a = qp a . (47) 
Let us now turn to discussion of the symmetries of the particle action 

S = f drh (48) 



It is clear from the form of the Langrangian (46) that the action is invariant 
under standard action of Lorentz generators, so that the Lorentz transforma- 
tions of both position and momentum are the same as in Special Relativity. 

To find generators of Lorentz transformations, we should first derive the 
form of Poisson brackets, resulting from the symplectic potential in (46). 
These brackets read 

{Pa,Pb} = (49) 



{p a ,x b } = 5 a b ^pi + l + e a bc p c (50) 

and 

{x a ,x b } = 2e ab c x c (51) 
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Note that this last bracket tells that the positions of the particle do not 
commute. The exact form of this bracket differs from /t-Minkowski type of 
non-commutativity (8), but is very closely related to it [26]. 

Using these bracket it is not difficult to derive the form of Noether 
charges J a , generating Lorentz transformations through Poisson bracket. 
These charges have the form 

J a = tabc X b p° + 2 X[a Pb] P b (52) 

and together with conserved momenta they form the standard Poincare al- 
gebra. 

Note however that while the action of Lorentz generators J a on space- 
time variables x a is purely classical, the action of translations, generated by 
momenta p a is deformed, as a result of the bracket (50). This means that 
in spite of the fact that the particle lives just in Minkowski space-time the 
translational invariance is lost (or being deformed). This reminds somehow 
the model considered by Wess [31], in which also the isometry group is not 
deformed by itself, but by its action on space-time (or, more generally - 
phase space) variables. 

The form of the particle Lagrangian (45) suggest simple generalization to 
the case when the energy momentum space is more general than the SL(2) 
manifold considered by Matschull and Welling. Consider, for example, the 
case when this space has the form of de Sitter space. It follows from Iwasawa 
decomposition of SO(d, 1) group (where d is dimension of space-time and 
momentum space) that in this case the relevant group element has the form 
[32], [33] 

U = exp(poto) exp(piti) (53) 

where the generators of the "translational" part of Lie algebra so(d, 1) t >^ 
satisfy the commutational relations reminding the ones of /t-Minkowski space- 
time 

[to,U] = -ti, Mj]=0 (54) 
The kinetic term of the Lagrangian reads in this case 

L k = -Tr^U x) = -{x°- PiX 1 ) po - x% (55) 

and is invariant under action of the Lorentz group of the form of (3), ap- 
pended by an appropriate action on position variables (see [17], [10] for 
details.) In order to get the complete lagrangian, one should add to (55) 
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the term qC, where C is the Casimir (4). It can be then checked that k- 
Minkowski type of non-commutativity (8) follows from the Lagrangian (55). 
It is not clear, however, if this Lagrangian can be obtained from gravity 
directly. Work on this question is in progress. 

5 Conclusions 

"Seventy-five thousand generations ago, our ancestors set this program in motion," the 
second man said, "and in all that time we will be the first to hear the computer speak." 

"We are the ones who will hear," said Phouchg, "the answer to the great question of 
Life!.." 

"The Universe!.." said Loonquawl. 
"And Everything!.." 

"Alright," said Deep Thought. "The Answer to the Great Question..." 
"Yes!.." 

"Of Life, the Universe and Everything..." said Deep Thought. 
"Yes!.." 

"Is..." said Deep Thought, and paused. 

"Yes!.." 

"Is..." 

"Yes!!!?.." 

"Forty-two," said Deep Thought, with infinite majesty and calm. 9 

The current status of DSR reminds somehow the Adams' "forty-two", 
the answer to the question, which we do not really know. To be honest, 
we do not have any proof yet that this answer is correct, though we hope 
that Pierre Auger Observatory and GLAST satellite will provide us with 
such a proof. However, as we tried to argue above, there are more and 
more indications that the right question is "What is the semiclassical, flat 
space limit of quantum gravity?" It is our hope that it would not require 
seventy-five thousand generations to convince ourselves that this hypothesis 
is correct. 
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